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ABSTRACT 

Let G be a fuzzy graph. A subset D  of V  is said to be fuzzy 

dominating set if every vertex )(GVu  there exist there exist a vertex 

DVv   such that )(GEuv  and )()()( vuuv   . The 

minimum cardinality of fuzzy dominating set is denoted by )(Gf . A  

Fuzzy graph G is said to be Fuzzy excellent if for every vertex of G belongs to 
f -set of G. 

In this paper, we introduced a new class of total fuzzy excellent and just total fuzzy excellent 

(JTFE). Also, in this paper we initiate to study an induced subgraph of a total fuzzy excellent 

graph and we obtain a necessary and sufficient condition for a graph to be just total fuzzy 

excellent. We find an upper bound for )(Gf

t . We also prove that every just total fuzzy 

excellent graph contains no cut vertex. 

 

KEYWORD: Total fuzzy dominating set, Total fuzzy excellent, Just total fuzzy excellent 

Subject Classification: 05C72. 

 

1. INTRODUCTION 

Fuzzy graphs were introduced by Rosenfeld.
[9]

 Rosenfeld has described the fuzzy analogue of 

several graph theoretic concept like paths, cycle, tree, and connectedness and established 

some properties on them. A.Somasundaram and S.Somasundaram introduced total 

domination in fuzzy graphs using effective edges.
[3]

 It is further studied by Depnath.
[10]

 

Prof.N.Sridharan and M.Yamuna have introduced the concepts of just excellence and very 

excellence graph.
[2]

 The notation of domination in fuzzy graphs has been growing very fast 

and has numerous application in various fields. Here we introduced the concept of just total 

excellent domination in fuzzy graphs. 
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2. PRELIMINARIES 

Definition: 2.1 

A fuzzy graph ),( G is a pair of function  

]1,0[:&]1,0[:  VXVV  where for al Vvu , we have )()(),( vuvu    

 

Definition: 2.2 

The order p and size q of the fuzzy graph ),( G are defined to be 





ExyVx

xyqxp )(&)(   

 

Definition: 2.3 

The domatic number )(Gd f
 of graph G is defined to be the maximum number of elements in 

a partition of )(GV  into dominating sets. 

 

Definition: 2.4 

The subset D  of V is said to be fuzzy dominating set if every vertex )(GVu  there exist a 

vertex DVv   such that )(GEuv  and )()()( vuuv   . The minimum cardinality of 

fuzzy dominating set is denoted by )(Gf .  

 

Definition: 2.5  

Let G be a fuzzy graph. A subset S of G is said to be fuzzy independent set of G if there 

exists no Suv such that )()()( vuuv   . The maximum cardinality of such fuzzy 

independent set is called fuzzy independence number and is denoted by f

0 . 

 

Definition: 2.6 

A Clique of a simple graph G is subset S of V such that G[S] is complete. The number of 

vertices in a largest clique of G is called the clique number of G and is denoted by w(G). 

 

Definition: 2.7 

The private neighborhood in fuzzy graph G is denoted by ),( SvPN f
 and is defined as 

}]{[)( vSNVN ff  where )(GEuv  such that )()()( vuuv    and each 

),( SvPNu f . 
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Definition: 2.8 

A fuzzy graph G is said to be fuzzy excellent if for every vertex of G belongs to 
f -set of G. 

 

Definition: 2.9 

A fuzzy graph G is said to be just fuzzy excellent graph if every vertex of G appears in a 

unique 
f -sets of G. 

 

3. MAIN DEFINITIONS AND RESULTS 

Definition 3.1: Total fuzzy dominating set 

Let S be the fuzzy minimal dominating set of G. Then the set S is a total fuzzy dominating set 

if VSN ][  (i.e)  VVvvuuvvuEuvSuSN  })()()(&,|][   

 

Definition 3.2: Total fuzzy excellent  

A graph G is said to be total fuzzy excellent graph if to each Vu  there is a total fuzzy 

dominating set f

t -set of G containing u . 

 

Theorem: 3.3 

Let G be the connected fuzzy graph G, then there exist a total fuzzy excellent graph H 

contains G as an induced subgraph. 

Proof 

Let 110 ,...,, nuuu  be the vertices of G and )(GEuu ji  such that )()()( jiji uuuu   . 

Consider the cycle C4n with vertices nvvv 421 ,..,, . 

 

Let )}()^()()(|{)( 141414141414   jijijiji vvvvandGEuuvvGE  . Construct a graph h 

with }41|{)( nivHV i   and  ')()( 4 ECEHE n . Thus the resulting graph H is total 

fuzzy excellent containing as an included subgraph. 

 

Definition 3.4: Just total fuzzy excellent (JTFE) 

A graph G is said to be just total fuzzy excellent if to each Vu  there exist a unique 
f

t -set 

of G containing u. 
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Remark 3.5 

1. Every JTFE is total fuzzy excellent 

2. If G is JTFE, then )(/)( GnG
f

t  . 

Proof 

Let mSSSV  ...21  be the partition of V into 
f

t -sets of G. Fix one Vu . Assume that 

jSu . Since each iS is a 
f

t -set, u is adjacent to atleast one vertex of iS . Hence 

)(/)( Gnmu
f

t  . 

 

Theorem 3.6  

A graph G is JTFE if and only if 

i) )(G
f

t divides n 

ii) 
)(

)(
G

n
Gd

f

t

f

t


   

iii) G has exactly 
)(G

n
f

t
 distinct 

f

t -sets. 

 

Definition 3.7  

If D is total fuzzy dominating se of G, for each Du , the total fuzzy private neighbor of u is 

defined as }}{)(/{),( uDvNvvDuPN
f

t  . 

 

If D is a minimal total fuzzy dominating set of G, then DuDuPN
f

t ),( . 

 

Theorem 3.8 

If 2mkG   is JTFE, then DuDuPN
f

t  ,2),(  where D is any 
f

t -set of G. 

Proof 

Let D be 
f

t -set of G. Since D is a 
f

t -set, ),( DuPN
f

t . Assume that for some Du  

1),( DuPN
f

t . If there exist Dw  such that }{)( uDwN   then }{),( wDuPN
f

t  . 

Thus }{)( yuD   is a 
f

t -set for any )(Ny . As 2)deg( w , select one )(wNuy  . 

Then D and  }{)( yuD   are two distinct 
f

t -sets of G. Containing the vertex 1w which 

contradiction to G is JTFE. 
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If }{),( xDuPN
f

t  where Dx , then select one )(xNuy  . Then  }{)( yuD   is a 

f

t -set. The  )}{)((  yuDD  which is a contradiction . Hence 2),( DuPN
f

t
. 

 

Theorem 3.9  

If 2mkG   is JTFE, then 









3
)(

n
G

f

t  

Proof 

Assume 
3

)(
n

G
f

t  , then 2)( Gdt , let 21 VVV   where 1V  and 2V  are distinct 
f

t -sets 

of G. By theorem 3.8, 2),( 1 vuNP t

f . Let }2|),(/{ 111  VVuPNVuX
f

t
. 

}{),(/{ 111 vVVuPNVvY
f

t   for some Xu }. And )(1 YXVz  . We assume that 

x , for every yv , 
21),( VVuPN

f

t  , for every zv ,  21),( VVvPN
f

t
. Also 

XY 2 . Thus )()(2),(( 2121

1

GVVZYXXZYVVxPN
f

t

Vx

f

t 


 , 

which is a contradiction. So x . Hence 
121),( VxVVxPN

f

t   . So 

1),( 21 VVxPN
f

t , 1Vx . We have 
121),( VxVVxPN

f

t    and 

111 )),(( VVVxPN
f

t  . Also  }{),( 11 yVVxPN
f

t }{),( 11 xVVyPN
f

t  . So 

1)deg( x in  1V  for every 1Vx . Hence 2)deg( x  in G, such that 1)( ixy  and 

2Vyi  for i=1,2. Similarly 2)deg( x  in G 2Vx . As G is 2-regular, each component of G 

is a cycle. As 2mkG   and G is JTFE and is connected. Therefore G itself is a cycle . But 

cycle nC  is not JTFE. Hence our assumption that 









3
)(

n
G

f

t  is wrong. Therefore 

 









3
)(

n
G

f

t  .  

 

Theorem 4.0 

If 2mkG   is JTFE, then 22)(  knG , where )(Gk
f

t  

Proof 

Let u be a vertex in G and let D be a 
f

t -set for G which contains u. By thm 3.8, 

2),( DvPN
f

t , Dv . If Dvv  21 , then  ),(),( 21 DvPNDvPN
f

t

f

t .[clearly 
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 ),(),( 21 DvPNDvPN
f

t

f

t
. If DDvPNv

f

t  ),( 1
, then DvyyNv  1),( and 

),( 1 DvPNv
f

t ]. The vertex ),( vPNu
f

t  for atmost one Dv . So u is not adjacent to 

any of the vertices in ),( DvPN
f

t

Duv




and 1)1(2)1(deg  snu . It is true for all 

)(GVu , 22  kn . 

Example: 

1. nC is no JTFE but it is total fuzzy excellent 

2. nmK ,  is not JTFE(unless m=n=1) 

3. Peterson’s graph is not JTFE 

 

Theorem 4.1 

Let 2mkG   be JTFE graph. Then G contains no cut vertex. 

Proof 

Assume to the contrary, that G contain a cut vertex u. Then 3)( Gd
f

t
 let D be the 

dominating set which contains u. Choose two distinct 
f

t -sets 2D  and 3D  which is different 

from 1D . Since G is JTFE, 32 DDu  . Select two vertex v and w such that )(2 uNDv   

and )(3 uNDw  and )()^()( vuuv    and )()^()( wuuw   . 

 

Let 1G  be the component of G-u that contains v and let 1H be subgraph of G included by 

}{1 uG  and let 12 HGH  . 

 

Case 1 

Let us assume that 1Hw . Then  

i) Both 12 HD   and 13 HD   is not dominated by any vertex of 2H  

ii) 321 DDD   

iii) No vertex of 2,1,2  iHDi is isdated in  2HDi  

iv) If 2322 HDHD  , then 1312 HDHD   and )()( 1312 HDHD   is a total 

dominating se of G, which is contradiction as 

)()()()()( 313231322 GSHDHDHDHD
f

t . Similarly if 

3223 HDHD  , we get a contradiction. Thus 2322 HDHD   and 
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)()( 2312 HDHD   and 3D  are distinct 
f

t -set of G containing 23 HD  . Note that 

12 HDv   dominates u, which is a contradiction the fact that G is JTFE. 

 

Case 2 

Now assume 2Hw . Then 22 HD   and 13 HD  are total dominating sets for 2H and 

uH 2 , Thus )()( 113222 uHHDandHHD
f

t

f

t   . If )( 222 HHD
f

t , then 

SHD  )( 12  is total fuzzy dominating set of G for any
f

t -set S of 2H . As 

)()( 22121212 GHDHDSHDSHD
f

t , which we get contradiction. 

 Similarly if SHDuHHD
f

t  )(),( 23113   is total fuzzy dominating set of G, for 

any 
f

t -set S of uH 1  and we get a contradiction. 

 

Hence )()( 113222 uHHDandHHD
f

t

f

t   . As 3, Dvu  , there exist 

13 HDx  ,which is adjacent to v and hence c is a total fuzzy dominating set of G 

containing v and )( 13 HD  . As G is JTFE, this total fuzzy dominating set of G is not 
f

t -set 

of G. Therefore )()()( 212213 HuHHDHDG
f

t

f

t

f

t   . 

 

 As 12 HD   and 22 HD   are total fuzzy dominating set of uH 1  and respectively, 

)()()()( 2122122 GHuHHDHDDG
f

t

f

t

f

t

f

t   .  

Hence )()()( 21 HuHG
f

t

f

t

f

t   .  

Now as )()()( 211222122 HuHHDHDHDDG
f

t

f

t

f

t   , we 

get )( 112 uHHD
f

t   . Similarly )( 223 HHD
f

t . If )( 211 HHD
f

t , then if 

 2112 }{)( HDuHDS  , then S is a total fuzzy dominating set of G and as 

)(1)()(1 212112 GHuHHDHDS
f

t

f

t

f

t   , S is a 
f

t -set of G, again 

we get a contradiction as both S and 1D  contains u. 

 

If )(|| 221 HHD f

t , then )()(&)(|| 231121 HDHDuHHD i

f

t   is a total fuzzy 

dominating set for G. [Since 2311 & HDwHDu   , then )()( 2311 HSHS  does 

not contain isolated vertices].  
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 But )()()(|||||)()(| 2123112311 GHuHHDHDHDHD f

t

f

t

f

t    , 

which is a contradiction. Thus )(||)&(|| 111221 uHHDHHD f

t

f

t    and 

)()( 2311 HDHD   is a f

t -set of S which is a contradiction. Thus u  is not a cut vertex. 

 

Theorem: 4.2 

Let 2mKG  is JTFE graph. Then every vertex u is a f

t -level vertex and 

)(}){( GuG f

t

f

t   . 

proof 

Let 2mKG   be JTFE graph. Let u be a vertex in G. Since G is JTFE, there exists a f

t -set 

of G not containing u . Therefore )(}){( GuG f

t

f

t   . 

 

We want to prove that )(}){( GuG f

t

f

t   . Let us assume that )(}){( GuG f

t

f

t   . Let D 

be a f

t -set for }{uG  . Then }{uD  is a f

t -set for G, for all ][uNv . Since G is 

connected , ][uN  contains at least two vertices 21 & vv . Thus }{&}{ 21 vDvD   are f

t -set 

for G which is contradiction as G is JTFE. Therefore )(}){( GuG f

t

f

t   . 

 

Suppose )(}){,( GuG f

t

uf

t   , let D  be a }){,( uGuf

t -set. If Du , then D is also a 

dominating set for G, which is a contradiction. If Du , then D  is a f

t -set }{uG   and 

)(}){( GuG f

t

f

t   , is a contradiction. 

Hence )(}){( GuG f

t

f

t   . 
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