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ABSTRACT
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minimum cardinality of fuzzy dominating set is denoted by »'(G). A

Fuzzy graph G is said to be Fuzzy excellent if for every vertex of G belongs to » " -set of G.

In this paper, we introduced a new class of total fuzzy excellent and just total fuzzy excellent
(JTFE). Also, in this paper we initiate to study an induced subgraph of a total fuzzy excellent

graph and we obtain a necessary and sufficient condition for a graph to be just total fuzzy
excellent. We find an upper bound for ' (G). We also prove that every just total fuzzy

excellent graph contains no cut vertex.

KEYWORD: Total fuzzy dominating set, Total fuzzy excellent, Just total fuzzy excellent
Subject Classification: 05C72.

1. INTRODUCTION

Fuzzy graphs were introduced by Rosenfeld.'®) Rosenfeld has described the fuzzy analogue of
several graph theoretic concept like paths, cycle, tree, and connectedness and established
some properties on them. A.Somasundaram and S.Somasundaram introduced total
domination in fuzzy graphs using effective edges.”™! It is further studied by Depnath.!*%
Prof.N.Sridharan and M.Yamuna have introduced the concepts of just excellence and very
excellence graph.””! The notation of domination in fuzzy graphs has been growing very fast
and has numerous application in various fields. Here we introduced the concept of just total

excellent domination in fuzzy graphs.
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2. PRELIMINARIES
Definition: 2.1
A fuzzy graph G = (o, 1) is a pair of function

o:V >[01] & x:VXV —[0,]where for al u,veV we have x(u,v) <o(u)Aoc(v)

Definition: 2.2
The order p and size q of the fuzzy graph G=(o,u)are defined to be

p=> 0(x)&q= D u(xy)
xeV xyeE
Definition: 2.3
The domatic number d " (G) of graph G is defined to be the maximum number of elements in

a partition of V (G) into dominating sets.

Definition: 2.4
The subset D of V is said to be fuzzy dominating set if every vertex u eV (G) there exist a

vertex veV —D such that uve E(G) and u(uv) <o(u) Ao(v). The minimum cardinality of

fuzzy dominating set is denoted by ' (G).

Definition: 2.5
Let G be a fuzzy graph. A subset S of G is said to be fuzzy independent set of G if there

exists no uveSsuch that z(uv)<o(u)Ao(v). The maximum cardinality of such fuzzy

independent set is called fuzzy independence number and is denoted by 23, .

Definition: 2.6
A Clique of a simple graph G is subset S of V such that G[S] is complete. The number of

vertices in a largest clique of G is called the cligue number of G and is denoted by w(G).

Definition: 2.7
The private neighborhood in fuzzy graph G is denoted by PN ' (v,S) and is defined as

N (V)-N'[S—{v}]where uveE(G) such that u(uv)<o()ao(v) and each
uePN'(v,S)
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Definition: 2.8

A fuzzy graph G is said to be fuzzy excellent if for every vertex of G belongs to » ' -set of G.

Definition: 2.9
A fuzzy graph G is said to be just fuzzy excellent graph if every vertex of G appears in a

unique ¥ ' -sets of G.

3. MAIN DEFINITIONS AND RESULTS
Definition 3.1: Total fuzzy dominating set
Let S be the fuzzy minimal dominating set of G. Then the set S is a total fuzzy dominating set

if N[S]=V (i.e) N[S]={u eS|uveE,uzv&u(uv) <o) Ao(V)VveV}=V

Definition 3.2: Total fuzzy excellent
A graph G is said to be total fuzzy excellent graph if to each u eV there is a total fuzzy

dominating set y," -set of G containing u .

Theorem: 3.3

Let G be the connected fuzzy graph G, then there exist a total fuzzy excellent graph H
contains G as an induced subgraph.

Proof

Let ug,U,,..,u,, be the vertices of G and uu; € E(G)such that w(uu;)<o(u;)o(u;).

Consider the cycle Cqy with vertices v,,v,,..,V,, .

Let E(G) ={Vyi.1Vaj [Uu; € E(G)andp(Vy, 1V, 1) < 0 (V1)  o(Vy.4)}. Construct a graph h
with V(H)={v, |1<i<4n} and E(H):E(C4n)UE'. Thus the resulting graph H is total

fuzzy excellent containing as an included subgraph.

Definition 3.4: Just total fuzzy excellent (JTFE)
A graph G is said to be just total fuzzy excellent if to each u eV there exist a unique ytf -set

of G containing u.
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Remark 3.5
1. EveryJTFE is total fuzzy excellent

2. IfGisJTFE, then 5(G)=n/y,' (G).
Proof

Let V=5 ,US,U..US,, be the partition of V into ytf -sets of G. Fix one u eV . Assume that
uesS;. Since each S;is a ytf-set, u is adjacent to atleast one vertex of S;. Hence

Su)=m=n/y,'(G).

Theorem 3.6
A graph G is JTFE if and only if
i) 7" (G)divides n

n

i d,[]c G =<
W4 ©O=7q

iii) G has exactly distinct 7, " -sets.

f
7t

Definition 3.7

If D is total fuzzy dominating se of G, for each u € D, the total fuzzy private neighbor of u is

defined as PN," (u, D) ={vev/N(v) "D ={u}}.
If D is a minimal total fuzzy dominating set of G, then PNtf (u,D)=¢vueD.

Theorem 3.8

If G = mk, is JTFE, then ‘PNtf (u, D)‘ >2,Vu e D where D is any ytf -set of G.
Proof
Let D be y,"-set of G. Since D is a 7, -set, |PNtf (u, D)| # ¢ . Assume that for some u e D

‘PNtf(u,D)‘:l. If there exist we D such that N(w)( D ={u} then PNtf(U,D):{W}.

Thus (D-u)U{y} isa ytf -set for any y € N() . As deg(w) > 2, select one y #u e N(w).

Then D and (D—u)U{y} are two distinct ytf -sets of G. Containing the vertex w, — which

contradiction to G is JTFE.

WwWw.wjert.org 186




Nithya et al. World Journal of Engineering Research and Technology

If PNtf(u,D)z{x}where x¢ D, then select one y=ueN(x). Then (D—u)U{y} IS a

7, -set. The DN((D—u)|_Jy}) # ¢ which is a contradiction . Hence |PNtf (u, D)| >2.

Theorem 3.9

If G #mk, is JTFE, then 7,' (G) < [21

Proof

Assume 7,' (G) >%, then d,(G) =2, let V =V, UV, where V, and V, are distinct 7," -sets

of G. By theorem 38, |P'N(uv)[>=2. Let X=fueV,/PN'(uV)nV,[>2}.
Y ={v eVllPNtf (u,V,)nV, ={v} for some ue X}. And z=V,(XUY). We assume that

x#=¢, for every vey, PN'(uV,)<V,, for every vez, PN, (V,\V,)NV,=¢. Also

Y| =2X|. Thus || J(PN," (xV,) AV, |2 2 [+[Z] = X[+ (X]|+]Y|+|Z)) > M| =V, =" (G),

XeV;

which is a contradiction. So x=¢. Hence PN,"(x,V,)"V,=gvxeV,. So
|PNtf (x,\V,) mV2| =1,VxeV,. We have PN, (x,V,) "V, # gvx eV, and
UPN (xV)nV,)=V,. Also PN, (xV,) "V, ={y}< PN, (y,V,) "V, ={x}. So
deg(x) =1in <V, > for every xeV,. Hence deg(x)=2 in G, such that u(xy;)=1 and

y;, €V, for i=1,2. Similarly deg(x) =2 in G ¥xeV,. As G is 2-regular, each component of G

is a cycle. As G = mk, and G is JTFE and is connected. Therefore G itself is a cycle . But

cycle C, is not JTFE. Hence our assumption that ytf G) < Ew is wrong. Therefore
f n
G)<|—|.
7 (G) [31

Theorem 4.0
If G=mk, is JTFE, then A(G)<n—2k +2, where k =7," (G)
Proof

Let u be a vertex in G and let D be a y,'-set for G which contains u. By thm 3.8,

|PNtf(V,D)|22,‘v’VeD. If v,#v,eD, then PN,"(v,D)"PN,'(v,,D)=g.[clearly
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PN,"(v;,D) PN, (v,,D)=¢. If vePN,"(v,D)nD, then veN(y) Vy=v, cDand
ve PN, (v, D)]. The vertex uePN,' (v,5) for atmost one veD. So u is not adjacent to

any of the vertices in | J PN,'(v,D)and degu<(n—1)—2(s|-1)+1. It is true for all

v£ueD
ueV(G),A<n-2k+2.
Example:

1. C,isno JTFE but it is total fuzzy excellent

2. K., isnot JTFE(unless m=n=1)

n

3. Peterson’s graph is not JTFE

Theorem 4.1
Let G =mk, be JTFE graph. Then G contains no cut vertex.

Proof

Assume to the contrary, that G contain a cut vertex u. Then dtf(G)zs let D be the
dominating set which contains u. Choose two distinct ytf -sets D, and D, which is different
from D,. Since G is JTFE, u ¢ D, U D,. Select two vertex v and w such that ve D, (1N (u)

and we D, (1N (u)and x(uv)<o(u)*o(v) and p(uw) <o (u) o(w).

Let G, be the component of G-u that contains v and let H,be subgraph of G included by
G, U{u}and let H, =G —H,.

Case 1

Let us assume that w e H,. Then

i) Both D, nH, and D, n H, is not dominated by any vertex of H,

i) [D,|=|D,|=[D|

iii) No vertex of D, "H,,i=12is isdated in <D, "H, >

iv) If |D, "H,|<|D, " H,|, then |D, "H,|>|D, " H,| and (D, "H,)U(D;H,) is atotal
dominating se of G, which is contradiction as
(D, "H,) U (D, nH,)|<[(D, "H,) U(D, "H,)| =[S =7 (G). Similarly if

ID, "H,|<|D, "H,|, we get a contradiction. Thus |D, "H,|=|D,~H,| and
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(D, "H,)u(D,~H,) and D, are distinct y," -set of G containing D, N H,. Note that

v e D, n H, dominates u, which is a contradiction the fact that G is JTFE.

Case 2

Now assume we H,. Then D, nH, and D, nH,are total dominating sets for H,and
H,—u, Thus |D, "H,| 2" (H,)and|D, "H,| >y, (H, —u). If |D,"H,|>"(H,), then
(D,nH,)US is total fuzzy dominating set of G for anyytf -set S of H,. As
(D, "H,)US|=|D, "H,|+[S|<|D, "H,|+|D, " H,| =" (G) , which we get contradiction.
Similarly if |D3mHl|>}/tf (H,—u),(D;H,)uUS s total fuzzy dominating set of G, for

any ytf -set S of H, —u and we get a contradiction.

Hence |D, nH,|=7"(H,)andD, "H,|=»"(H,-u). As uveD,, there exist
x e D, mH,,which is adjacent to v and hence c is a total fuzzy dominating set of G
containing vand (D, N H,). As G is JTFE, this total fuzzy dominating set of G is not ytf -set

of G. Therefore 7' (G) <|D, NH,|+|D, " H,|=7"(H,~u)+7 (H,).

As D,nH, and D,nH, are total fuzzy dominating set of H, —u and respectively,
7. (G)=|D,|=|D, "H,|+|D, "H,| 25, (H,~u)+ 7 (H,) =7 (G).

Hence 7,"(G) =7, (H, —u)+7"(H,).

Now as 7' (G)=|D,|=|D, "H,|+|D, "H,|=|D, nH,|+7 " (H,—u)+x"(H,), we
get|D, NH,| =7, (H, —u). Similarly [D, "H,|=y"(H,). If [D,nH,|<z"(H,), then if
S=(D, "H,)u{u}u(D,nH,), then S is a total fuzzy dominating set of G and as
S| =|D, " H|+1+|D, A H,| <" (H,—u)+7 (H,)-1=%"(G), Sisa y,' -set of G, again

we get a contradiction as both S and D, contains u.

If |D,NH, > (H,), then |D,NH, |<y' (Hu)&(D,NH,)U(D,NH,)is a total fuzzy
dominating set for G. [Since ue D,(1H, &we D, H,, then (S, H,)U(S,MNH,)does

not contain isolated vertices].
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But |(D,NH)U(D; NH,) = D, NH, [+ D, NH, < 7tf(H1_u)+7tf(H2):7tf G),
which is a contradiction. Thus |D,NH, =7 (H,)&|D,NH,|=y(H,-u)and

(D,NH,))U(D,NH,) isa y,' -set of S which is a contradiction. Thus u is not a cut vertex.

Theorem: 4.2

Let G=mK,is JTFE graph. Then every vertex uis a p,'-level vertex and
7 (G —{up =7/ (G).

proof

Let G =mK, be JTFE graph. Let ube a vertex in G. Since G is JTFE, there exists a y,' -set

of G not containing u . Therefore »," (G—-{u}) <, (G).

We want to prove that 7, (G —{u}) =7, (G). Let us assume that »,' (G—{u}) <.’ (G). Let D
be a y,' -set for G—{u}. Then DU{u} is a ' -set for G, for all ve N[u]. Since G is
connected , N[u] contains at least two vertices v, & v,. Thus D U{v,}& DU{v,} are »," -set

for G which is contradiction as G is JTFE. Therefore ' (G-{u}) =7, (G).

Suppose 7" (G, {u}) <7, (G), let D be a y (G,{u}) -set. If ueD, then Dis also a
dominating set for G, which is a contradiction. If ue D, then D is a y,'-set G—{u} and
7. (G-{u}) <7/ (G), is a contradiction.

Hence 7' (G—{u}) =7, (G).
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