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*Corresponding Author ABSTRACT
Muhammad Kamran The study of dynamic equation on measure chain (time scale) goes
Ll D B e back to its founder S. Hilger (1988) (Hilger 1988) and is a new area of

still fairly theoretical exploration in mathematics. Motivating the subject is the ration that
dynamic equation on measure chains can build bridge between continuous and discrete
mathematics. It has been created in order to unify the study of differential and difference
equations. We also present various properties / several example and application. The study of
dynamic inequalities has received a lot of attention in the literature and has become a major
field in pure and applied mathematics. In this article we mainly focused on Randons’s
Inequality, GronWall’s Inequality, AM-GM Inequality, Lyapunov’s Inequality,
Antiderivative and integral and Nesbitts inequality via time scale respectively.

KEYWORDS: Time scale calculus, Dynamic inequalities, Nabla calculus and derivatives,

Radon’s Inequality, AM-GM Inequality, Lyapunov’s Inequality, Antiderivatives.

INTRODUCTION
The time scale calculus has a scope for many applications in the field of dynamic inequalities.
The time scale calculus was initiated by Stefan Hilger (Hilger 1988) for the sake of creation a
theory which has the ability to unify continuous and discrete analysis. A time scale is a random
nonempty closed subset of the real numbers. Thus, R, Z, N, N real numbers, integers, natural
numbers and non-negative numbers respectively are the examples of time scales, where

[0,1] U [2,3], [0,1] U N, are Cantor set,
While,

Q R\QC,(0,).

For applying Stefan Hilger theory in this paper we will introduce the delta derivative A for f
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function defined on time scale T, that defines that (i) fA = £ is the normal general derivative if

T =Rand (ii) A = Afis the general forward difference operator if T = Z.

The time scale calculus is studied as delta calculus, nabla calculus and diamond-a calculus.
Basic work on dynamic inequalities is done by Ravi Agar- wal, George Anastassiou, Martin
Bohner, Allan Peterson, Donal O’Regan, Samir Saker and many other authors. We will prove
the following results given in theorems. Some classical inequalities such as Rado’s,

Bergstroms’s, theweighted power mean, Schlorich’s and Nesbitt’s inequality.

Dynamic equations on time scale: In order to hybridize continuous and discrete analysis

(Hoffacker and Tisdell 2005): Stability or instability of dynamic equation scale.

Inequalities on time scale: Bohner worked on opial inequalities (Bohner and Peterson

2001). Certain new dynamic inequalities investigated by Li (Li 2006).

Such like Radon’s Inequality (Radon 1913) given below, we will describe and analyze
different dynamic inequalities based on time scale T.
If xk, aly >0k €{1,2....n}P > 0 then,

P+1 P+1 P+1
x] n x5 n i Xn' ' (g x4 +xy) P+
a‘f ag """ ai — (a;ta+..+ap)f

For P =1, Inequality becomes that of Bergstrom.

Ifa, b, c,d € (0, ) and abcd = 1

(at+b+c)®  (btct+d)® (c+d+a)5+(_d+a+b_)5 > 12
(b+c+d)*  (c+d+a)*  (d+a+b)*  (at+b+c)* —

Bd+a+b)P? _ 1
= [3(at+b+c)]t 3(a+b+c+d)=34(abed)s = 12
Ifaq, a2, ..... an are non-negative and real numbers and b1, b2, .. ... by, are positive and

real numbers, thenforr >0,S>0andr>S+1

ah (a;+as+..+ay)"
bS = n’=5-1(b,+b,+..+b,)S
n by+by+...4by,

T T
a; , a;
—=+—=+..... +
S N
by by

By random inequality we have
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n n S+

k=1 k=1

r>S5+12>1 then ﬁ —12>0 using Radon’s,

oo, noo .
= “k+l S (aytag+..+a,)S+1
k 1ﬁ_1 T (1414 +1)ST?'l

k:]. k:l -

In this paper, it is supposed that all considerable integrals be present and are finite and T is a

time scale, a, b € T with a < b and an interval [a, b]t means the intersection of a real interval

with the given time scale.

RESULT AND DISCUSSION

Radon’s Inequality via time scales.

Theorem:

Letw, f, g € C ([a,b] T,R) be -integrable functions, where w(x), g(x) # 0, VX € [a,b] T. If p >
v >0, then (][]

(w0 la0™ o | £ *
a BRETELE TR

(lweolemlatxy’ el

(1.0)

Equality present in (1.0) when f(x) = g(x) = ¢, while ¢ is a nonzero real constant.

Letw, f,ge C ([a,b] T, R) be 0L<> -integrable functions, where w(x), g(x) # 0, VX € [a, b]y. If
B >0, then

a’x (1.1)

b N 0__\p+1 1
(J, I Wt a'x™ LI H”

(Iweleeolaxy * leef

Proof: If we put B = vy in (1.0), then we get (1.2), which is Radon’s Inequality on dynamic
time scales. Clearly the equality holds in (1.0), if f(x) = cg(x), where c is a real constant.

Corollary: Letw,f,geC([a,b] T, R—{0}) be oc<> -integrable functions.
If B <—1, then
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(w1 a0™ w60 P
. - w(x)|[f(x)| o

(J.b|W(X) || g(x)]| a’x)P o lg(x) \ﬁ

(1.2)

Equality holds in (1.2), when f(x) = cg(x), where c is a nonzero real constant.

Proof: By applying inequality (1.1) for p <—1, we obtain

b p+1 b .
v(x) || £ n (v e e’
[Tweol] BX) o [ LEGIEOO " o J| 9lgmla)
g(x)] SENEYES] [Tweolteo] ™

From above expression the equality holds in (1.2), if f(x) = cg(x), where ¢ is a nonzero real
constant.
Here we are presenting a generalized Nesbitt’s Inequality on the base of dynamic scale

calculus.

Theorem: Suppose w, f € C([a, b]T, R — {0}) be 0L<> -integrable functions, ¢, d € R and

CLD\ w(x) [ f(x)|a’x—d|f(x)[>0
Wherex € [a, b ]T.

If B>y >0, then
b - o Frart o
o ([Iveltelas] el

(Cfl w(x)|o'x - d)? s (cj: w(x) || f(x)]o'x —d| f(x) |)

(1.3)

a’x

([[1weo1a'x)

Remark 1. If weseta =1, T=7Z, w(x) =1, =y =1 and f(k) = xk € (0, ©) fork € {1, 2, ...,
n}, n € N — {1}, then discrete version of (1.3) reduces to

n
<
en—-d 7 eX —dx,

n X,

where X, =x;tx0+ ... T x, (14)

]

Inequality (1.4) is called generalized Nesbitt’s Inequality (Batinetu-Giurgiu, Marghidanu et
al. 2011). Further if we set n = 3 and ¢ = d, where ¢, d € (0, »), then (1.4) takes the form

X X X 3
Loy —2 3 wherex],x2,x3>0 (L)

X, tX; X tX X tX

3
~<
2

Expression (1.5) is known as Nesbitt’s Inequality (Sahir 2017).
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Gronwall’s Inequality

Gronwall's inequality work on the principle of satisfy a definite differential or integral
inequality from corresponding differential or integral equation solutions (Ozgiin, Zafer et al.
1995).

Theorem: lety, f € Crd and p € R+. then,
V' (t) <p(t)y(t) +£(t) for all t € T implies

YO = ¥(1)e, (L) + [ e, (Lo@)f (AT forall te T

Proof: By using product rule and theorem we calculate,

[¥eo, (1 1)1 (1) = ¥ (D)2, (S(1), (t,) + Y(D(Op)(De,, (1. ,)

©p)®)

=y (D)e,, (o(0).(t,) + EKUW

€5 (O(1),15)

=[y* (1) — (BOPN(DY(D]e,, (S(D).1,)
=[y* (1) — p(DY(D)]e,, (S(1). 1)

Since p € R+ and here we have Op € R+, this is implement by efp > 0.

Gronwall's inequality general expression _uh=a®+ J. [a.0) a()exp(ud,,))uds)  (1.6)
Remarks: (1) On the functions a and u there are no continuity assumptions. (ii) The integral in
Gronwall's inequality is allowed to give the value infinity. (iii) If a is the zero function and u
is non-negative, then Gronwall's inequality implies that u is the zero function. (iv) The
integrality of u with respect to . 1s essential for the result. For a counterexample, let p denote
Lebesgue measure on the unit interval [0, 1], define u(0) = 0 and u(t) = 1/t for t € (0, 1], and
let a be the zero function (Ethier and Kurtz 2009).

AM-GM Inequality

If al,a2,....an are non-negative and real numbers and 11,12....An are non-negative and real

n 1 n a n
Hk:]_ a’kk + szlbkk = Hk:l(ak + bk)ﬂk

Weighted AM-GM inequality

Ak

n(ak)<n;{(ak)
woq Nakerbik) = L TF Nak+bk
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Similarly

n(ak)<n;l(ak)
ey \ak+bk) = L "% \ak+bk

Summing up

G [T+ T )=
a + bk g n_ /‘1 :]_
szl((ambk)ﬂk weq K ey K =1k

If a,b,c are the lengths of sides of a triangle and

2s=a+b+c

o

n n n n—2
o+ > (3) Terinx

b+c ct+a a+b 3

When n=1, result equal to Nesbitt Inequality for n>2

n n n n
a + b + c > (at+b+c)

b+c ct+a a+b

31" 1(b+c+c+a+a+b

-
3

Lyapunov’s Inequality

Lyapunov inequalities have proved to be beneficial tools in oscillation theory, dis-conjugacy,

eigenvalue problems and many other applications in the theory of differential and difference

equations. A amusing summary of continuous and discrete Lyapunov inequalities and their

applications can be found in the survey paper (Cheng 1991) by Chen. In this section we

present several versions of Lyapunov inequalities on time scales. The results below are

contained in (Bohner, Clark et al. 2002).
If xk>0

yk>0

k=1.2....n

If neEN
xk>0
xk>0
=0
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and y>0
n _ B+y n
(Z xkyit: 1) Bty
k < k
n B+y-1 — y,‘f
(Zkilyk) k=1
If and only 1f Doz In
Y1 Yz Yn

Thus (P) — real number, (Z Integer), (N natural number), (No non-negative integer) are
example of time scale.
Q rational number, R/ Q irrational number, C complex number and the open interval between

0 and 1 are not time scales.

fA derivative with f definedon T
i fA=f"isthe usual derivative if T= R

ii fA = Af isthe usual forward difference operator if T = Z

Definition: Let r be a time scale for the mapping t[] []
o, p: ™= T such that

6(¢)=inf(SeT:8>T)and | _
! Forward and backward jump operator
P(t)=sup(Sez:S<r) |

If T has max t then
Put: -inf@=Sup T (6(t)) =t

If T has minimum t then
Sup @ =infT (i.e, p(t) =t -~ @ null set

If 6(t) >t right scattered
}at same tine one scattered
If p(t) <t left scattered
If t <Sup T and 6(t) =t right dense
}—at same tine dense
t>inf T and P(t) =t left dense
let TK = T(m) — if T right scattered with minimum m; otherwise TK = T. if T has a left

scattered maximum M, then TK =T (M) else TK =T .. T = time scale throughout article.

Discussed jump operators help us in classification the points (Bohner and Peterson) of a time-

scale as left-scattered and right-dense depending on different conditions such as o(t) = (t) > t,
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p(t) and p(t) <t, respectively for any of t € T as shown in table 1 and figure 1.

Table 1: Points classification according to above scenario.

t right-scattered T <6(t)
t right-dense T =6(t)
t left-scattered p(t) <t
t left-dense p(t)=t
t isolated p(t) <t <oo(t)

Source: (Bohner and Peterson 2001)
Example: let T = {-./211 +1l:ne N}

2

if t=+/2n+1 for some n € N, then n :t _

and

G(t):inf{leN:\th >\/2n+1}:x/2n+3 :\/‘[2—1—2 forn €N,

p(t)=sup{1 & N:2I+1 <J2n+l}:\/2n—l:«/t2 2 forneN,n>2

Where N is natural numbers (N)

For n =1 we have,
p(@: supP=mfT= NE)
Since,

NE -2 <t<A?+2 forn<2,

We determined that every point¥2n +1.10 € N n = 2. s right-scattered and let-scattered,
i.e, every point V20 +1.0 €N =2 jsie51ated because,

V3=pV3 <o(\3)=+5

The point's/g is right-scattered.

Example:

LetT= {ZL ‘ne N}U {0} andt € T be arbitrarily chosen.
n

1
1- t=— then,
2
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1.1- Backward and Forward jump-operators, Graininess function,

1 o1 1 1 ' . 1
c{—]—111tj—._0:—__0>—,IEN1>—111t@—supT——
2 21" 217 7 2 | 2
p(i]:supji.ﬂ:i, <i,IEN1-:0‘{i
2 217" 217 T2 | 2
1
I.e., 2 is left-scattered.
1
2- ?—.nEN
<0 where n > 2. Then,
G(L] mf{l ZL>L,IENL: ! >i..
on 217217 2n | oam-1 " 2
1 1 1 1 - 1 1
p( ]:sup«I—,O:—,0<—,leI\L: — < —.
2n 2177 21" " 2n | 2m+1) 2
. —.neN.,nzx=2, .
Therefore, all the points2n are right-scattered and left-scattered
. . —.neN.n=12 .
i.e., all points 2n are isolated.
3- when t=0, then,
o(0)=inf{seT:s>0} =0,
p(0)=sup{seT:s<0} =supD=inf T =0.
Jg:nef\lo1 lzﬂﬁnel\'o
Example: Let T =13 J and be arbitrarily chosen.
So,
1.n € N. Then,
1] | 1
G(E):1nf<[—,0:—,0>E,IEN01»:i>n,
3 13777377 3 J 3 73
p a :supjl,():l,(kg.leN0 :E<E.
3 1377737 3 303
=2 henN t:%nel\'
Thus all points 3 are right-scattered and left-scattered, i.e., all points  °

are isolated.
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2. When n=0 then,

G(O)—inf{%.O:%,O>O,16N0}—l>0,

'S]

p(0) —Sup{% : %;O <0,1 ENO}—suPQ =inf T=0.
i.e., t =0 is right-scattered

While graphical expression of table 1 is given in figure 1.

. t, 1s left-dense and
right-dense
4
t, is left-dense and
v right-scattered
b
t; 1s left-scattered
v and right-dense
&
t, is left-scattered
v b and right-scattered

Ty

Figure 1: Points classification according to o(t) = (t) > t, p(t) and p(t) <ft.

From above predictions, both o(t) as well as p(t) are in T while t € T, because T is a close
subset of R. The observed points which are:

= Left-dense and right-scattered is point 3.

= Left-scattered and right-dense are points 2,4.

= L eft-scattered and right-scattered are all those points which has 1/s where S € N.

Table 2: Examples of time Scale based calculus accordingto T, R and Z.

T R Z
Backward jump operator

t t-1
p(H)
Forward jump o (t) t t+1
Graininess L (t) 0 1
Derivative fA (t) f(t) Af(t)
Rd-continuous f Continuous t | Any f
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Assume f: T— R in delta differential on TK. Then f is nabla differential at t.
fV(t) = fA (p(t) for t € TK such that 6 (P(t)) =t

fA 1s continues on TK. The f is nabla differentials at t
fV (t) = fA (p(t) hold for t € TK
= Assume that t, g : T— R are nabla differentiable where t € TK.
— function f: X — R defined on a convex subset of Rn is said to be convex if,
fx +(1-L)y) <A £ (x) + (1- Mf(y) for x,y € X

L €[0,1]

f: X—R strictly convex

Example:
powers = f(x) = xP ; P>1

exponential = f(x) =eax for any a € R

Nabla Derivative
Nabla derivatives corresponding theory was broadly studied for the delta dynamics equations
development (Atasever 2011).
For f: T — R and t € TK define nabla of “f” is t.
fV (t) for any €>0, there is a neighborhood
[ f(pt)—f(S)]-fV (t) [p(t) - S]] < €|P(t)-S ~S e UT

= Assume that t, g : T— R are nabla differentiable wheret € TK.
O The sum of f+ g : T— R is differentiable at t
(F+g)V (1) =TV () + gV ().
O Product fg: T — Rdifferentiable at T
(F)V (1) =V (1) g(t) + P (1) gV (1) = T ()gV (1) + TV gp(t)
O If g(t) g P(t) # then f/g is differentiable

g(t) F(r) - (1) g
g(Dg" (0)

(F/g) (r) =

Antiderivative and integral
The delta integral is defined as the antiderivative with respect to the delta derivative. If F(t)

has a continuous derivative f(t)=FA(t) one sets

j £(£)(t) = F(s) — F(1).
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Let f: T! — R be a delta differentiable function
Function
2= [TK—U

t—>f" (t) delta differentiable of m T

= f: TK — R — delta antiderivative of g on T! and for all t € TK the condition fV (t) = g (t)
is satisfied

= for any rd-continuous mapping g: TK — R exist delta antiderivative
f: t—

J't g(s) As,s,te T

Theorem: Suppose that the function g:TK — R has a delta antiderivative function
fon[rsleT

then exactly integral fromrto s

ForT=R

T=hX h>0

> g(ih)h ..,

n

jg(t)At:<S:r .
r S g(ih) (h)

Theorem: function F: T — R is called a nabla derivative f: T— R
fV (t) = f(t) holds for all t € TK
by defined integral

[[f{@IV=F®)-F@) teT

Suppose F and fV continuous
t

(If(t,s)VST =f(P(t),t)+ [f(t,s)/s

a
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Let T be atime scale a,b € T witha < b and let fi (x) (I =1,2 m)
h (x) : [a, b] T— [oi+o] be a 4(delta) integral

b
Ih(x)cfx:l f1<NpLNp... . Na<o  with 1A+ 1h+ . +1/Aa<l
Then,
b b )
[h) (70 x < 7l [ [ (x)axJ

Theorem: Let T be a time scale a,b € T with a < b and let,
fix)(i=123,..,m)
h(x):[a,b]r— R be

a (delta) integral function.

1) If P >1 then,

b
]
2) If 0 <P < 1then,

b
]

CONCLUSION AND FUTURE PERSPECTIVE

In this article I present dynamics inequalities create bridge between continuous and discrete.

! (x)( Zlf (=) Jéx]P ) [hf?(x) f(x)"a JL‘P

Basic work on dynamic inequalities is done by Ravi Agarwal, Martin bohar and many others.
This research presents extensions of Radon’s inequality, Lyapunov’s Inequality with some
generalization and applications of Randons’s Inequality, GronWall’s Inequality, AM-GM
Inequality, Lyapunov’s Inequality and Antiderivative and integral and Nesbitts inequality.
According to outcomes of dynamic inequalities for the diamond integral which is linear
combinations of delta and nabla integral, if we set,

x =1 — we get delta version.

o« = () — we get nabla version of diamond«-integral

T =7 — we get discrete version.

T =R — we get continuous version
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In future we can consider dynamic inequalities by using n-tuple diamond integral, Quantum
calculus and Riemann-Liouville integral of order a. Additionally, it is suggested that more
investigation be done on the implementation of quasi-convex functions on the time scales in

economics, optimization and mathematical modeling and among others.

Recently it has found that many dynamic inequalities such as Randons’s Inequality, Nesbitts
inequality, GronWall’s Inequality, AM-GM Inequality, Lyapunov’s Inequality and
Antiderivative and integral are equivalent on time scales as given in (Sahir 2018), so we can
find more equivalent dynamic inequalities on time scales.

T: Time scale R: Real Number Z or Z: Integers

N: Natural numbers

fA: Delta derivative P(t) = p(t)
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