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Muhammad Aamir Hayat Since the last few decades, the addition of abundant literature on

Virtual University of Hardy-type inequalities proves its importance in the field (see ! (2 %1
Pakistan.

[41. (51, 161, [7. 181, 191 [101. 11y "\w/e giive some Hardy-type inequalities for
fractional integrals and fractional derivatives in the second chapter. The main objective is to
review the paper by Sajid Igbal et. al.*? In this article we mainly focused on the mean value
theorem for Hadamard-type fractional integral and the related means for fractional integral
and derivatives.

Convex Function
Definition 1.1.1

A function®: | — Ris called a convex function in the Jensen sense if,

q)(szt) < d)(s);tl)(t)

(1.1.1)

v s,tel. A J-convex function @ is said to be strictly J-convex sense if V pairs of points

(s,t), s=t strict inequality holds in (1.1.1).

Theorem 1.1.2.
Let @:1 — Rbe a function on the interval | =1 such that ®" exists onl. Then @ is

convex iff ®”(y) =0 And if ®"(y)>0 on |, then @ is strictly convex on the interval.

Lemma 1.1.3.

Let f eC?(1)and let | be a compact interval such that,
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m<f'(y)<M,vyel.

Consider two functions @,, D, , defined as

@, (y) = sz —t(y)

2

my
2

D,(y) = f(y)-

Then @,and @, are convex onl .

Jensen’s Inequality
Jensen’s inequality was named after the Danish mathematician Johan Jensen who proved it in

1906." In the discrete form, Jensen’s inequality asserts that for a function @

Y5t <Y 50() (12.1)

holds, where @ is convex function on the interval I — R, where S; are positive real numbers

and t; €l(i = 12,..,n),while S, =§n:si.

i=1

The inequality (1.2.1) is strict if @ is strictly convex except whent, =1, =...=1 .

Theorem 1.2.2
Let (Q A W)be a probability space —o<a<b<oand if f,®of el (H) be such that

a< f(x)<b forall t Q. Then the inequality
O(J, F09du()) < | @(f (x)d 2(x)) (122)

holds for any convex function ®:[a,b]—1 .

AM-GM Inequality
If a;,a,,..... a, are non-negative and real numbers and A,,4,..... A, are non-negative and
real numbers such that 1, + A,+..... 4, = 1.1
Tt s Tt
[T, e +11_, b = I1,_ (a + b)™

Weighted AM-GM inequality

i
n ( ak );‘{ "y ( ak )
weq Nak+bk) T L. T \ak+bk
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Similarly
Ak

[[.G5) =2, G5
L \ax+oi) = £, 7 \ak+ok
Tt 1 TL Ak T ‘I{_k
T —
1_,;‘:1 ([ak+hk)zk) [szlak + szlbk } = 2lk-1Ax =1

If a, b, c are the lengths of sides of a triangle and

Summing up

2s=a+b+c

amn pm cn 2 n—2 B
—+— —2(—) Stlnz=1
b+e cta atb 3

when n = 1, result equal to Nesbitt Inequality for n = 2

a™ p" e (atb+c)™

c c¢ta at+b 31T ctctata

b+ + +b 3" Ybtctctatath
n—2

:(E) Sn—l

3

Fractional Integrals and Fractional Derivatives

LetO<m<n<o. We denote the space of all functions on [m,n] having continuous
derivatives up to m order byC" ([m,n]) , where AC([m,n]) is the space of all absolutely
continuous function on the interval[m,n]. AC™([m,n]) is the space of all functions
g eC'™*([m,n]) where g"? e AC([m,n]). Fora e R, [a] is the integral part of & (the
integer park of k such thatk <a <k+1). Also, [a] is the ceiling of z(min j e N,N =) .
We denote the space of all integrable functions on the interval (m,n) by L, (m,n)and the set
of all functions that are measurable and essentially bounded on the interval (m, n) is denoted

byL, (m,n). Evidently, L, (m,n)c L, (m,n).

The following definition is given in [10, p.110].*!

Definition 1.3.1.
Let [m, n] be finite or infinite of [l , ande >0. The left and right-sided Hadamard-type

fractional integrals of order « >0 are given by

1 ¢s S\, Y(Ddt
iy(©) =] log Dy XOR s> m (13.)
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and

3yE) == Gog XU < 132

respectively.

Definition 1.3.3

[5] Let AC([a,b]) be the space of all absolutely continuous functions on[a,b]. We denote
the space of all functions f eC"([a,b])with f ) ¢ AC([a,b]) by AC"([ab]).
Leta el & f € AC" ([a,b]), then the Caputo fractional derivative of order & for a function

f (t) is defined as

vem 1 (%)
DS f (t) = Th—a) j WD dx (1.3.3)

where, N =[ear|+1; the notation of [« ]stands for the largest integer not greater than [c].

Lemmal.3.4

[5] Letp>a>0. fel(mn)hasan L, fractional derivative D in the interval [m,n]

& DF ¥ f(m)=0, k=1,....,[B]+1.

Then,

D% f (X) = ——— [ (x=y)"**D’ f (y)dy
I'(f-a) j

Yym<x<n

Clearly,

Dy f is in AC([m,n]) for f—a =1,

Dy f is in C([m,n]) for B —a €(0,1).

Hence,

Dif eL, (mn),

Dy f el (mn).

Mean Value Theorem for Fractional Integrals

Here we give the Mean Value Theorem for Riemann-Liouville Fractional Integrals and

Hadamard-type Fractional Integrals.
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2.1.1. Mean Value Theorem for Riemann-Liouville Fractional Integrals

Theorem 2.1.2.
Let f,geC’(l)wherel is a compact interval,u <C([ab])(i=12), and

L7u(x) u(x) u(x)

el, let——" be a non-constant. Let Q (t) be

17u(x) "u(x) u(x)

r(x)>=0Vxe[ab]. Also let,

given in (2.1.2), and ul(x),u2 (X) have Riemann-Liouville fractional integral of order o > 0.

Then 3 £ < 1 such that

1 (0 f (= r0 (2 o

a0’ 1) 212
[ (x) “ijrmmijxgw7

Provided that the denominators are not equal to zero.

Proof. Let us take a function h e C? (1) defined as

h(x)=c,f (x)—-c,g(x) (2.13)
where
6= [/ ()0 e j()U”?b
b Ul(X) 2w (%)
= f dx — f
CZLQ“)%AY j()( e

By Theorem 3.1.1 with h = f, we have
12U, (%) u (X) 17U, (x)
17U, (x) U, (x) 12U, (X)

_S1E) g (x )(u(x) x-S, ()f(la Ex;) BLAGT NI 1(x)) o ST ¢ i EX;) )

)dx

o[’ (x)f(m)dx—cj F) T ( ax—c, [[Q, () g Ddxre, [ r(0g(E

Putting the values of c; and c; in above equation, we get

&) (4) u (x) qf"(;) I T GO g "©) u (x) L &9"() 15U, (X),.,
=0= [P (x )G jr(x)(la ()) dx - [fQ (x )G, 5 jr(x)(I oy

(le (é/) ng (é’))(-" Ql u1(X))2dX_I:r( )( a 2( ))zdx)

U, (X) 15u, ()
since
u (x) 17U, (X),,
f (-2 0,
[[o(x) L j()( AQXi
SO we Qet,
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6f'©) 6@ _,

2 2
= f"(¢)-¢,9"(¢)=0
LG _ )
¢ 9"(¢)
U(X) q £ lau(¥)y
jQ. L ['r (g e o1s
o “(X))dx L roa(gee T
This completes the proof.
Theorem 3.1.1.
Let 1<0*  wherel is a compact interval, r(x)>0Vxe[ab]and

a V(X
_Iav(x) Vi) el hereﬁ is non-constant and let Q, (t)be givenin (2.1.2).

I;"v(x)’v(x) v(X)
Then V p,q el \{0,1}and p=q, 3 ¢ such that

pE-D)Q () C2yax— [P0 )

ST RO .
IO (x)(lzvgxi)pd

Proof.
Weset, f(x)=x%and g(x)=x", q=p, p.q=0,1. By the Theorem (3.1.2) we have

v(x) 15v(X)
20 e AR )~ _ d@-1c*”

Jra (x V(X))pd ey PO

1v(x)

LR ICAOT VEX;r*d j()(;;ﬁi)

- a@-9[°Q (x)( )= [ rex )(:ZVEX;)
Or,
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P(p D[} Q) (X))o j()(:zvgxb
=>( =
a@-D[/Q, (3) ("o J”(GE;)

Hence the proof is complete.

3.1.2. Mean Value Theorem for the Hadamard-type Fractional Integrals
Theorem 3.1.3.

Let, f,geC?(1), and | be a compact interval, f, eC([ab])(i=12) and
f(t
r(s)>0Vse[a,b]. Also let :Et; j :8 el, let % be nonconstant, let z (t) be given

in (2.1.2), and f,(t), f,(t) have Hadamard-type fractional integral of order & > 0. Then there

exist 3 ¢ e | such that

£ 1) 37 (s)
Jz(t)f{fo}ds jr(s)f{J:f(so}ds_ ()

Feon] Ol fron 516 9

provided that denominators are not equal to zero.

(3.1.3)

Proof.

Let us take a function h € C? (|) defined as

h(s)=c,f(s)-c,9(s) (314)

where
a+ 1(8)
(t)}ds Ir(s)g{JaJ()} |

jZ(t)g{
o f,(t) 3. f.(s)
%_LZMf{(‘%sj (H{ f($}&

By Theorem 3.1.4 with f =h , we get

b fi(t) 2 fi(s) b fi(t) b a f1(8)
cljaz(t)f{f()}ds cj‘ r(s) f {J;fz(s)}ds—czj;z(t)g{f()}ds+chr(s)g{J f(s)}

_af(©) A1 K TIPN R AONN ch "©) A0 AUGIINESION
=30 jaz(t){fz(t)} ds -2 Lr(S){Jifz(S)} ds - jZ(t){f(t)} ds+ =25 Lr(s){J;’;fz(s)} ds
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Putting the values of C; and C, in above equation, we get

et g oo [ O 32.,(5))
R }[LZ(){H)} o [[ro| ) ds]'

Since
f(t) b 2 f1()
[zofie) s-lofi) o
So, we have
le"(é)_czg"(é”)zo
2 2
¢, t"(¢)-c,9"(¢)=0
¢ _ ')
¢, 9"(¢)
(t) 375 (s)
jZ(t)f{ }s fj (s){ }s )
=i ol T 019
S
jzmg{f()}ds of, (s){J f()} s

Hence the proof is complete.

Theorem 3.1.6

Let 1<cntand Ibe the compact interval wherer(s)>0Vse[ab]. Let

s f(t
f() . f(s) | and Lbe the non-constant. And let z(y) be given in(2.1.4). Then for

TOTE) )
p.gel \{0,1} and p=q, 3 ¢ such that

r 9-P

f(t) b ERTOME
p(p-D; Z(t){ } ds—jar(s){ e } ds
‘o fo 2.1 L)

f(t) * )] Ja: f (S)
o2 20] 10 6o 21O

Proof.

We set, f(s)=s"and g(s)=s"where, p#q p,q=0,1. By the theorem (3.1.5) we have
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f(t)
f(t)

fz0}iy

ool

3% 1(s)
J;. T(s)

}d

_a(@-1¢*”

j:Z(t){

f(t)

1

ol

32,1 (s)
32 1(s)

)

p(p—D¢P?

p(p-)]' Z(t){:?;} ds—jfr(s){jy:g} ds
T f(t) J?2 f(S)
a@-0 Z(t) O ds— [ r(s) AT
Or,
(O] 4 1 [92160) o |
p(p-1)° Z(t){f()} ds Lf(s){J;f(S)} ds

3. 1(s)
3,.1(s)

f(t)
f(t)

This completes the proof.

a(a-1)[ Z(t){

of Lol e

3.2. Mean Value Theorems for Differential Fractional Derivatives

We give the Mean Value Theorems for the Caputo Fractional Derivatives and L, Caputo

Fractional Derivatives in this section.

3.2.1 Mean Value Theorems for the Caputo Fractional Derivatives

Theorem 3.2.2
Let

r(x)>0Vxe[ab].

f,geC*(1),and

| be a compact interval,w, eAC”([a,b])(i=L2),

Also let w” (X)

and

(n)
L W(X) W (X)  be the non-constant, let

w"(x) D

Qp (t), be given in (2.2.2) and W, (X),W, (

3 ¢ 1 such that
()

[0 {W( s

W(X)

)}dx —I:r(x)f {D*

D: w(x)

w (x)

o W(X)

X) have the Caputo derivative of order & >0. Then

} X
_ ")

(3.2.2)

j%(){ ”}dxj (x)g{ ngg}dx )

provided that denominators are not equal to zero.
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Proof.

Let us take a function h e CZ(I ) defined as

h(x)=cf(x)—c,g(x) (3.2.3)

where,
(n) a
(x) Daw: (X)
= i) s [t
" (%) Daw: (X)
S e e ARl
By Theorem (3.2.1) with f =h, we have

( AV CY P w7 ( W (X)
CJ QD(x)f{ (X)}dx CJ r(X)f{Df;WZ(X)}dX CZLQD(X)Q{W (X)}dx+c2j r(x)g{ ng(x)}dx

o) wle) | et @) e [Daw]l L 6g"() w0 6O e [Daw |’
== jaQD(X){wz‘”>(x)} dx 5 Lr(x){Dﬁ;wz(x)} dx 5 LQD(X){WQ(H)(X) dx + 5 Lr(x) D2 w, () dx

Putting the values of c; and c; in the above equation, we now have

_Jaf'(@) cg”({) W, (X) ~ 2 W, (X)
0‘{ 2 }{JQD(){ ()}d I(){ w(x)} dx]

Since,
W (X) W (X)
dx — dx =0,
IQD(){ (} I(){ w()} "
So, we have
¢.f'(6) 0@ _,
2 2
¢, f"(¢)—-c,9"(¢)=0
¢, _ ')
¢, 9"(¢%)

"(x) D2 w(X)
IQD(x)f{ }dx j r(x)f{DgW(x)}dx_f”(g)

()
[ Qolx )g{w EX)} [ <>g{3€}x§§;}dx 7

This completes the proof.

= (3.2.4)
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Theorem 3.2.5
D2 w(X) vv(“)(x)
D2 w(x) vv(“)(x)

Leti crivand |be the compact interval, r(x)>0V xe[ab]. Let

w™ (x) i : .
and be the non-constant. Also let QD(t)be given in (2.2.2). Then,

for p.qel \{0,1}and p=qq, 3 ¢ < I such that

— 10—

p(p-1)[ Qy (x ){ (X)} x|’ (){ W(X)} dx
) D w(x)
‘- (325)

0] gy RGN
a(@-1), %(x){ ()} j(){ W(X)} d

o

Proof.

Weset f(x)=x%and g(x)=x", p=q, p,q=0,1. By theorem (3.2.2) we have

: Wy { :;w(x)}q ]
faQD(X){Wu} N s " a@-ner

; Wil 2 W(x) p(p-D"*
jaQD(x){w(x)} ax - [ (){ (X)} dx

b w™ (x) ‘ b DL w(x) ’
p(p -1, QD(X){wm(x)} >l r(x){D%W(X) .

=P = (n) P i
b Wn (X) b Df;W(X)
CICESM] ) QD(X){W(")(X)} -, r(X){Df;W(X)} o
or
w™ (x) ® D w() | h
. p(p—1)[ Qo (x ){ 7 (x )} dX‘Lr(X){D:zw(x)} ™
b w (x) ° DEW(A) |
q(q—l)LQD(X){wm(x)} -, r(x){DfaW(X)} ”

Hence the proof is complete.

Mean Value Theorems for _ Fractional Derivative
Theorem 3.2.6
Let g>a>0,f,geC’(1)let | be a compact interval U L, (a,b)(i=12) has an L,

fractional derivative and r(x)>=0Vxe[ab].Let D/ w.(a)=0 for
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D’w(x) DZw(x) D7w(x)
el, let 2——

=L A= By Dawy € DA

Q. (t) be givenin (2.2.5). Then3 ¢ e I such that

b D/w(x) b Dy w(x)
L {QL(X) f {wa(x)de L r)f {Dg’w(x)}dx IRi0e)

b D/w(x) b Dw(X) - 9"(¢)
a dx — a d
[ {QL(X)Q{DfW(X)H x Lr(x)g{D:W(X) X
provided that denominators are not equal to zero.

Proof.

Let us take a function h e CZ(I ) defined as

() =.f (x)-¢,9(x)

where

o= o] o Lo Bt e
o =[[|0.00 1 {Gats o Lror a5 o
By The(;rem 3.2.4 with f =h, we have

of| o corhatfoereor o
< o e Fon 55

et o DAw, () || ¢, ") D w, (X)
2 L{QL(X){DE{J\Nz(x)}}IX I (){D“W (x)} o

c,9"(¢) (b D/ w(x) )’ zg ") DX w, (X)
E L[QL(X){waxx)Hd J“{D“wzm} *

Putting the values of c; and c; in above equation, we get

110 000 D]’ ¢ [ DEw(
0-1% }[I b {fwzm} X ”{D“w(x)

Since,

be the non-constant, and let

(3.2.6).

(3.2.7)

F+
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o[ o o] Bt s

So, we have

e, F'(¢)_c.9") _,
2 2

¢, f'(¢)-c,9"(£)=0

c, _ 1)

¢, 9'() )
b DZw(x)
Ia |:Q|— (X) f {Daﬂw(x) }_

dx—j:r(x)f {

Djw(x)}dx
Dw(X) ] ()

=

b D/w(x) | |
.[a |:Q|— (X) g { DaﬂW(X) }_

This completes the proof.

dx—j: r(x)g{

Theorem 3.2.8.

Let, 1 <0+, and | be a compact interval, u; € U(v,k)(i =

D7w(x)

r(x)>0vxe[ab]. Let, D/w(x) DZw(x)

D;W(X)}dx 9"(¢)

Dy w(x)

1,2), and

D;/w(x) " Dy w(x)

" D/w(x)

Q. (t)be given in (2.2.5). Then for p,qell \{0,1}and p=q, 3 ¢ < I such that,

| b D/ DY
p(pl)L[QL(X){D?aEXH xJ, (){Dam;

o

Proof.

b D” P b D
a(@-2] {QL (X){ D}agi H x|, r(x){ D}w

}dx

—0-

p

(3.2.9)

Weset f(x)=x%and g(x)=x", p=q, p,q = 0,1. By theorem 3.2.5 we have

b D/ ’ b D¢ !
I. QL(X){D%EQ} dX‘Lf(X){D?xEX} o

_q(q-1)g

b D7 w(x) Dw(x)
IaQL(X {DﬁW(X)} _J. ( ){Da ( )}

Cp(p-gP?

(3.2.10)

(3.2.24)

be non-constant and let that
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. B K b & !
p(p-1)] !QL(X){%EX} ]dXL r(x){gim} &
e ,; (3.2.11)
b D Dy
a(a-)[ {QL (X){D}xxﬂ e ){Dmi}
Or,
I b D’ Dy I
o-3f .o 58] e oo St
. : (3.2.12)

D w(x)
D/w(x)

q(q—l)I:{QL(X){

Hence the proof is complete.

I

Means for the Fractional Integrals

D7 w(x)
D7 w(x)

o 20

In this chapter, we give the Means for Riemann-Liouville fractional integrals and Hadamard-

type fractional integrals. See!® for detailed reference.

4.1.1 Means for the Hadamard-type Fractional Integrals

The means for the Hadamard-type fractional integral is defined as,

(4.1.1)

where p,qel ,

RN
f,(y)

Ja+f (x)

I, = p(p—l)jfzw){ R

ol
fopoliae

In the following, we will discuss limiting cases of above mean for p,q = 0,1

and

f,(y)
f,(y)

3o (%)

=q(a-9)[ Z(y){ 3100

f(y) (y) IZF(x)° I2£(x) ]
:expj (y){f()} {fu} L (){J f()p} {Jff(x) 2pe
{f(y)p}d N (){J f(x)"}d p(p-1)
f(y)® J2f(x)° |
WWWw.wjert.org 584




Hayat et al. World Journal of Engineering Research and Technology

IpmgM’ =M,
o [ 1Y) : f(x)
B jaZ(y)Iog {f()}dx—j r(x)log? {J (0 X
==exp
ZI Z(y)Iog{ M}d [ r(xtog { 5 (x)}
a f(x)
limM_ =M,

p—1

f]a [ 1) 12809], L, [37500
I (y){f()}"’g {fu}d I (){J f()} {Jff(x)}dx

= exp -

IR I ES
_ jZ(y){f()} {fn}d I (){J f(x)} {Jff(x) x

LIH(}M =M
f(y) Ja F09°
(y){f()p}d - (){J f()p}d
b (y) 2 F(x)P
{ZLZ(Y)Iog{ }d f r(x)log {J:f(x)p}dx}p(p—l)_

lim M =M

| f(y) (y) 32100, [I2F() INE
U (Y){f()} {f()} I(){J f()} {Jﬁfm}dx}p(p )
f(y) Ja F(%)

(y){f()p}d j (){J f()}

4.2 Means for the Fractional Derivatives

p,0

= exp

= exp

4.2.1 Means for Caputo fractional derivative

Right-hand side of (3.1.12) is the mean, then for the distinct p,q €0 , it can be written as

M. = I, o 421
pa H_p (4.2.1)
Where,
b (n) a
m, - p(p—l)jaQD(x){vvémif)} [ (){Bxig} ox
and
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=qm—nﬁqam{

w® (9
w,"™ (x)

o ol

Moreover, we can extend these means, so in limiting cases for p,q = 0,1

limM, =M |
b w™ (x)° w0 | 4 L W(X)° DAL w(x)
—eﬂ)LJ%(@{Wm(@p}l ) N o 2p-1
b w™ (x)° ,,aW(x)” p(p-1)
_ [ Q (x){w(n) 0 }dx - r(x){ T }dx |
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4.2.2 Means for L, fractional derivatives

We define means for L, fractional derivative as p,qell where, p,gel]
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and

=q@—bﬁ@dm{
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i - | Sl

Dyw, (x)
DJw, (x)

In following we discuss limiting cases of above mean for p,q = 0,1
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