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ABSTRACT

Victor Namis provided an elegant generalization of the Fourier

transform (FT) to the fractional Fourier transform (FRFT) by deriving
*Corresponding Author the FRFT from the Eigen function of the FT. The idea of using the
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FRFT for fundamental Signal Processing procedures such filtering,
Head, Dept. of

: estimation and rotation is particularly interesting applications
Mathematics, Smt.

Narsamma Arts. Commerce involving optical information processing. The FRFT has applied to

and Science College, transient motor current signature analysis. Also FRFT has applications

Amravati, (MH), in the field of radar system which use for focusing SAR/ISAR images.
India.44605.

FRFT can be used in terms of differential equation. Namis solve

several Schrodinger equations using this. Now, the researchers define

various simplified form of FRFT known as simplified fractional Fourier transform (SFRFT).
The reason behind that they are simplest for the digital computation, optical implementation,
graded index medium implementation and radar system implementation with the same
capability as the conventional FRFT. The aim of this paper is to provide generalization of
SFRFT. Also derived some operational formulae as derivative, modulation, scaling property,

linearity property and shifting property for simplified fractional Fourier transform.

KEYWORDS: Fourier transforms (FT), fractional Fourier transform (FRFT), simplified
fractional Fourier transform (FRFT), derivative, modulation, scaling property, linearity
property and shifting property.
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INTRODUCTION

The idea of Fourier transform was first suggested by French mathematician Joseph Fourier in
1807. The fractional Fourier transform is a generalization of the ordinary Fourier transforms.
Every property and application of the common Fourier transform becomes a special case of
the fractional Fourier transform. The fractional Fourier transform was introduced by
Wiener! as a way to solve certain types of ordinary and partial differential equations arising
in quantum mechanics. Unaware of Wiener’s work, Victor Namias!? proposed the fractional
Fourier transform also to solve differential equations in quantum mechanics from classical
quadratic Hamiltonian. His results were later refined by McBride, and Kerr™®! developed an
operational calculus for the transform. The fractional Fourier transform can be used to solve

ordinary and partial differential equations as well as fractional and integral equations.

The fractional Fourier transform is generalization of the ordinary Fourier transform.”! The

FRFT implements the so called order parameter @ which acts as ordinary Fourier operator.
Thea*™order fractional Fourier transform represents the = power of the ordinary Fourier

operator. Whena = “,/2, we obtain the Fourier transform, while for @ = 0, we obtain the
signal itself. Any intermediate value of (0 < a < ﬂfz) produces signal representation that

can be considered as a rotated time-frequency of the signal.”®

PRELIMINARIES

We define the Fourier transform of a function f(t)

Fu) = (20)7 | e f(Hde

=0

The inverse Fourier transform is

f(t) = (Eﬂj_i et F(u)du

=0

The simplified fractional Fourier transform with angle « of a signal f(t) is defined as

[SFRFT[f(t])] () = UETI]_T_I"_KI exp {—jut +}:—.1.‘2 cotcx] f(t)de.

Generalization of Simplified fractional Fourier transform

The Generalization of simplified fractional Fourier transform with parameter a of f(t)

denoted by GF:,, ( f(t)) performs a linear operation given by the integral transform,
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O (F(8)) = EAF(9}(w)

[SFRET f(t) 1(u) = [ f (DK, (t.w) dt

where, K, (t, 1) = U-Eﬂj—ge[—;uﬂirzmt.;ﬂg,_}

The Test Function Space

An infinitely differential complex valued smooth function on @(R")belongs to E(R"), if

for each compactI © S_, where, 5, = {teR" ,[t| < a,a > 0} ,IeR"”

"."El(@:] = =K |D1lt E'[t:]| < o ,wherel= 12,3 ..

el

Thus E(R")will denote the space of all @¢ E(R" Jwith support contained in S,.

Note that the space E is complete and therefore a Frechlet’s space. Moreover, we say that
Generalization of simplified fractional Fourier transform if it is a member of E* |, the dual
space of E.

Properties
A) Differential Property
Prove That [SFRFT f (t)](w) = ju[SFRFT f(t)](u) — jcota [SFRFT tf(t)](w)

Proof

[SFRFT f(©]() = | £(0) kolt e

kﬂ(t, ’u,:] — Uzﬂ_] —‘ie[—}'uﬂirﬂ cot ct_}

[SFRFT £ ()](w) = f () welre i eote) £ () g

— UEH]_E [e[_}'ur+£rz cntrx:}f(t:]]_ _j Uzﬂ_]—‘ie[—jur+£r1 Entﬂ:}(_jn-l‘jtcﬂtfx:] f[:t:]df
= —U'ETIJ_% e[_‘f””%tz Gor E}(—ju + jtcota) F(t)dt

— Uzﬂ_j—ioujf e[‘}'ur+%tz cntc{}f(tjdt —j Comuzﬂj_%f e[—jut+£tz r.‘u:utr:.:jI tf(t:]dt

= ju[SFRFT f(t)](u) — jcota [SFRFT tf(t)](w)
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B) Linearity Property
Prove that [SFRFT (C,f(t) + C,g(t))](u) = C,[SFRFT f(t)](u) + C,[SFRFT g(t)](u)

Proof
If [SFRFT f(t)](w) and [SFRFT g(t)](w) is generalized simplified fractional fourier

transformof f(t)and g(t) then

[SFRFT (Cuf (8) + Coa () @) = (2m) = [ (75 e) (e £(6) + C,0(9) e

_ Cl[jzﬂrj_if el::_}.ut'firz thﬂ'-'_} f[t]dt _I_ C: U'EHJ_EJ- e[—_jut‘f'l;rz cotﬂi}g[t] dt

= C,[SFRFT f(t)](uw) + C,[SFRFT g(t)](u)

C) First Shifting Property
Prove that [SFRFT e/ f(¢t)](w) = [SFRFT f(t)](u — a)

Proof

[SFRFT el®t f(£)](w) = J-Eeiﬂff(rj k (t,u)dt
— [jzﬂ_]—ifr E[_}-ur+£rz :Dtﬂ:} e}'ﬂrf(t:]dt
— UZHJ—EJE Eli—_;l'uz'+§a'z cotm +_;|'|'.H'_1}I f(t:]dt

— Uzﬂ_j—ij e'::—}'liu—rz}t+irz |:-:|t|'z_‘}I f(t:]dt

= [SFRFT f(t)](u— a)

D) Scaling Property
Prove that[SFRFT f(at)](w) = = [SFRFT f(p)](x)

Proof

[SFRFT f(at)](u) = frf[at:] k_(t, w)dt

= UZTI:]_ij e[_}'”“HJE':“}z“‘M} flat)dt
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putting at = p i.e. t= P
]

dp
adt = dp i.e. dt=—
a

N 2 +ipzr_'nttz d
[SFRFT f(at)](u) = U’zn)'?f (w4 ) fipj;p

1 , -z = {—_;l'wp +L,t:z cot m:}I
=—(2m) = | e z ! f(p)dp
—0

- % [SFRFT f(p)](w)

E) Modulation Property

1) Provethat [SFRFT f(t)cosat](u) = Z{[SFRFT f()](u— a) + [SFRFT f()](u+ a)}

-
=

Proof

[SFRFT f(t) cosat](u) = U'gﬂj"ifx e[—}'uﬁir“ cota) £(6) cos at dt
57ReT £ cosarl) = gany [ ereboome) g (£4 7

1 2T (sl : 1 N R R :
ZEUEH] z E[ _;ur+zr EDtﬂ:} e}ﬂrf(t:]dt_I_EU.EH] "j E[ _;ur+zt Entﬂ}e—jﬁrf(tjd

= % [SFRFT e}'“f[t:]][u] _|_% [SFRFT e_}'ﬁrf[t:]] ()

therefare by shifting property

= %{[SFRFT F(O)](u—a) + [SFRFT f()](u+ a)}

I1) Prove that [SFRFT f(t) sin at](u) = %{[SFRFT f(t)](u—a) — [SFRFT f(t)](u+ a)}
Proof
[SFRFT f(t)sinat](u) = (j2m) = f; e[_}'uﬁirz cota) f(t) sinatdt

[SFRFT f(t) cosat](u) = U-zﬂj—'g f 7 (mueele cota) f(t) (%JE_”) at

1 S B I S I . R R -1 )
=EUEHJ z{j E[ _;ut+zr cutrx} E}Erf[:tjdt—j E[ _;l.ar+zt cntﬂ:}e_}ﬂrf(t:]dt}
]

—an —a0
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Eij [SFRFT e® f(£)] () _Eij [SFRFT e 72 £ ()] ()

therefore by shifting property

%{[SFRFT f(t)](w—a) — [SFRFT f(t)](u+ a)}

CONCLUSION

In this paper, generalization of SFRFT provided. Also derived some operational formulae as

derivative, modulation, scaling property, linearity property and shifting property for

simplified fractional Fourier transform.
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