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ABTRACT 

By basing on the same physical model and treatment method, as used 

in our recent work (Van Cong, 2024), we will investigate the critical 

impurity densities in the metal-insulator transition (MIT), obtained in 

two n(p)-type degenerate [ crystalline alloys, 

, being due to the effects of the size of donor (acceptor) d(a)-

radius, , the x- concentration, and finally the high d(a)-density, N, 

assuming that all the impurities are ionized even at T=0 K. In such 

n(p)-type degenerate crystalline alloys, we will determine: (i)-the 

critical impurity density in the MIT, as that given in  

Eq. (8), by using an empirical Mott parameter , and (ii)-the density of electrons 

(holes) localized in the exponential conduction (valence)-band tails (EBT), 

, as that given in Eq. (26), by using our empirical Heisenberg parameter, 

, as given in Eq. (15), according to: for given  and x, 

 with a precision of the order of , as 

observed in Tables 2-4 in Appendix 1. In other words, physically, such the critical d(a)-

density, is just the density of electrons (holes) localized in the EBT, 

, respectively. 
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KEYWORS: - crystalline alloys; critical impurity density in the Mott 

MIT. 

 

INTRODUCTION  

By basing on the same intrinsic energy-band-structure parameters, physical model and 

treatment method, as used in our recent works (Van Cong, 2024), and also other works 

(Green, 2022; Kittel, 1976; Moon et al., 2016; Van Cong et al., 2014; Van Cong & Debiais, 

1993; Van Cong et al., 1984), we will investigate the critical impurity density in the metal-

insulator transition (MIT), obtained in three n(p)-type degenerate - crystalline alloys, 

X(x) , being due to the effects of the 

size of donor (acceptor) d(a)-radius, , the x- concentration, and finally the high d(a)-

density, N, assuming that all the impurities are ionized even at T=0 K. In such n(p)-type 

degenerate crystalline alloys, we will determine 

(i)-the critical impurity densities in the MIT, as that given in Eq. (8), by 

using an empirical Mott parameter , and 

(ii)-the density of electrons (holes) localized in the exponential conduction(valence)-band 

tails (EBT), , as that given in Eq. (26), by using the empirical Heisenberg 

parameter, , as that given in Eq. (17), according to: for given  and x,  

 with a precision of the order of , as 

observed in Tables 2-4 in Appendix 1. In other words, physically, such the critical d(a)-

density, is just the density of electrons (holes) localized in the EBT, 

, respectively. 

In the following, we will determine those functions:  and  

. 

 

Critical Density in The Mott Mit 

Such the critical impurity density , expressed as a function of   and x, is 

determined as follows. 

 

Effect of x-concentration 

Here, the values of the intrinsic energy-band-structure parameters, such as (Van Cong, 2023, 

2024): the effective average number of equivalent conduction (valence)-band edges , 

the unperturbed relative effective electron (hole) mass in conduction (valence) bands 
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,  being the electron rest mass, the reduced effective mass , the 

unperturbed relative dielectric static constant , the effective donor (acceptor)-ionization 

energy , and the isothermal bulk modulus , 

are given respectively in Table 1 in Appendix 1. 

 

Table 1 in Appendix 1 

Therefore, one gets:                                                                           

, and        (1) 

.            (2) 

 

Effects of impurity size, with a given x  

Here, one shows that the effects of the size of donor (acceptor) d(a)-radius, , and the x- 

concentration strongly affects the changes in all the energy-band-structure parameters, which 

can be represented by the effective relative static dielectric constant  (Van Cong, 

2023, 2024; Van Cong et al., 1984), in the following. 

 

At , the needed boundary conditions are found to be, for the impurity-atom 

volume V , , for the pressure p, as: , 

and for the deformation potential energy (or the strain energy) σ, as: . Further, the two 

important equations, used to determine the σ-variation: ∆σ≡ σ− , are defined by: =−  

and p=−  . giving:  ( )= . Then, by an integration, one gets 

 

= ×(V− )× ln ( )= .             

(3) 

Furthermore, we also shown that, as , the compression 

(dilatation) gives rise to: the increase (the decrease) in the energy gap , and 

in the effective donor (acceptor)-ionization energy  in the absolute values, being 

obtained from the effective Bohr model, and then such the compression (dilatation) is 

represented respectively by: ,  
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for  , and for , 

. (4)  

Therefore, from above Equations (3) and (4), one obtains the expressions for relative 

dielectric constant  and energy band gap , as:  

(i)-for  ,  since = ≤ ,  

      

(5)                                

according to the increase in both  and , for a given x, and       

(ii)-for , since = ≥ , with a condition, 

given by: ,      

 

,  (6)         

corresponding to the decrease in both  and , for a given x.      

Furthermore, the effective Bohr radius  is defined by: 

,                                

(7) 

where  is the electron charge.   

Then, the critical donor (acceptor)-density in the Mott MIT, , is 

determined, using an empirical Mott parameter,  for each the conduction 

(valence) band, as:    

,  (8) 

 

Noting that  could be chosen in general case so that the obtained numerical 

-results, being found to be in good agreement with the corresponding 

experimental ones. 
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In the following, these obtained numerical results can also be justified by calculating the 

numerical results of the density of electrons (holes) localized in exponential conduction 

(valence)-band (EBT) tails, .  

    

- EXPRESSION 

In order to determine , we first present our physical model and also our 

mathematical methods.             

 

Physical model  

In n(p)-type degenerate -crystalline alloys, if denoting the Fermi wave number 

by: , N being the total impurity density, assuming that all 

the impurities are ionized even at 0 K,  the effective reduced Wigner-Seitz radius , 

characteristic of interactions, is defined by 

         

(9) 

So, the ratio of the inverse effective screening length to Fermi wave number  is 

defined by: 

   

(10)           

These ratios, , are determined in the following.                   

First, for , according to the Thomas-Fermi (TF)-approximation, the 

ratio  is reduced to  

,            (11)  

being proportional to .  

Secondly, , according to the Wigner-Seitz (WS)-approximation, the ratio 

 is reduced to
[3]

  

,                                      

(12) where  is the majority-carrier correlation energy (CE), being determined 

by:  
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So, n(p)-type degenerate - crystalline alloys, the physical conditions are found to be 

given by  

 

,  .          

(13)   

Here,  is the Fermi energy at 0 K, and  is defined in next Eq. (15), 

as:  

Then, the total screened Coulomb impurity potential energy due to the attractive interaction 

between an electron (hole) charge, , at position , and an ionized donor (ionized 

acceptor) charge: at position , randomly distributed throughout - crystalline 

alloys, is defined by: 

,                           (14)        

                                                                                                       

where  is the total number of ionized donors (acceptors),  is a constant potential energy, 

and the screened Coulomb potential energy  is defined as: 

,                                 

   

where  is the inverse screening length determined in Eq. (11). 

Further, using a Fourier transform, the -representation in wave vector -espace is given by 

,             

  

where  is the total - crystalline alloy volume. 

Then, the effective auto-correlation function for potential fluctuations, 

, was determined,
[4,5]

 as :  

 , ,  

,  .      (15) 

 

Here,  is the total electron energy, and the empirical Heisenberg parameter  

was chosen above such that the determination of the density of electrons localized in the 
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conduction(valence)-band tails will be accurate, noting that as , , and 

therefore, . 

 

In the following, we will calculate the ensemble average of the function: , 

for ,  being the kinetic energy of the electron (hole), and  determined 

in Eq. (16), by using the two following integration methods, which strongly depend on 

.  

 

MATHEMATICAL METHODS 

Kane integration method (KIM) 

Here, the effective Gaussian distribution probability is defined by: 

.                 (16) 

 

So, in the Kane integration method, the Gaussian average of  is defined by 

,   for  . 

Then, by variable changes:   and  

, and using an identity:    

, 

where  is the parabolic cylinder function and  is the Gamma function, one 

thus has: 

     (16) 

 

Feynman path-integral method (FPIM) 

Here, the ensemble average of  is defined by 

, 

,     
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Noting that as a=1,  is found to be proportional to the averaged 

Feynman propagator given the dense donors (acceptors). Then, by variable changes: 

 and , for n(p)-type 

respectively, and then using an identity 

, 

One finally obtains: ,  being determined in Eq. (16). 

In the following, with the use of asymptotic forms for , those given for 

 can be obtained in the two following cases.   

First case: n-type ( ) and p-type ( )   

As , one has:  and . In this case, one gets: 

, and therefore from Eq. (16), one gets:  

.                                    

(17) 

Further, as , one has:  and . So, one obtains: 

,     .        (18) 

Therefore, as , from Eq. (16), one gets:  .            

  

Thus, in this case, one gets:     

.                                                                    (19) 

Second case:  n-type-case ( ) and p-type-case ( )   

As , one has: (y, and by putting , Eq. (18) 

yields: 

.      (20) 

Further, as , one has: (y, . Thus, one gets: 

. 

Therefore, from Eq. (16), one gets:  
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  (21) 

Noting that , being equal to:  for a=1, and  for . 

It should be noted that those ratios: , obtained in Equations (20) and (21), can be taken 

in an approximate form as:   

,                                                                                                                                   (22) 

so that:  for , and 

 for . Here, the constants  and  

may be respectively chosen as: and  as , being used to determine the 

critical density of electrons (holes) localized in the exponential conduction(valence) band-

tails (EBT), , given in the following.  

Here, by using Eq. (18) for a=1, the density of states  is defined by: 

.            (23)          

Going back to the functions: ,  and , given respectively in Equations (20-22), in which 

the factor   is now replaced by:  

, 

, .     (24)           

          

Therefore,   can be defined by: ,                                   

,      

(25)      where   

.                                        

Then, by another variable change: , the integral  yields:  
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, where ,  , and 

 is the incomplete Gamma function, defined by: 

.   

Finally, Eq. (25) now yields: 

 (26)    

                                            

being the density of electrons (holes) localized in the EBT, respectively.  

In n(p)-type degenerate - crystalline alloys, the numerical results of 

, for a simplicity of presentation, 

evaluated using Eq. (26), are given in following Tables 2-4 in Appendix 1, in which those of 

other functions such as: , , , ,  and  are computed, using 

Equations (2), (5, 6), (8), and (26), respectively, noting that the relative deviations in absolute 

values are defined by:  

Tables 2-4 in Appendix 1 

 

CONCLUSION 

In those Tables 2-4, some concluding remarks are given and discussed in the following. 

(1)-For a given x, while  decreases ( ), the functions: , 

 and  increase ( ), with increasing ( ) , due to the 

impurity size effect. 

(2)-Further, for a given , while  also decreases ( ), the functions: 

,  and  also increase ( ), with increasing 

( ) . 

(3)- In those Tables 2-4, one notes that the maximal value of  is found to be given by: 

, meaning that  . In other words, such the critical d(a)-density 

is just the density of electrons (holes), being localized in the EBT, 

, respectively. 

(4) Finally, once  is determined, the effective density of free electrons (holes),  

given in the parabolic conduction (valence) band of the n(p)-type degenerate - crystalline 

alloy, can thus be defined, as the compensated ones, by:  
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, 

needing to determine the optical, electrical, and thermoelectric properties in such n(p)-type 

degenerate X(x)-crystalline alloys, as those studied in n(p)-type degenerate crystals (Van 

Cong, 2023; Van Cong et al., 2014; Van Cong & Debiais, 1993; Van Cong et al., 1984).   
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APPENDIX 1 

Table 1: The values of various energy-band-structure parameters are given in various 

crystalline alloys as follows. 

___________________________________________________________________________ 

In -alloys, in which = =0.110 nm (0.126 nm), we have: 

, , 

, , 

In -alloys, in which = =0.110 nm (0.126 nm), we have:  

, , 

, ,  

In -alloys, in which = =0.110 nm (0.126 nm), we have:  

, , 

, . 

___________________________________________________________________________ 

 
Table 2: In the -alloy the numerical results of , , , , and  are computed, using 

Equations (2), (5, 6), (8), and (26), respectively, noting that the relative deviations in absolute values are defined by: 

, giving rise to their maximal value equal to , meaning that such the critical d(a)-density 

is just the density of electrons (holes) localized in the EBT, , 

determined in Eq. (26), respectively. Here, on notes that in the limiting conditions: x=0, 1, these results are reduced to those given in 

GaP-and-GaAs crystals, respectively, as observed in Table 1.                

___________________________________________________________________________  

Donor                                                                       P                                                                     As                                                                                    

 (nm)                                                                 =0.110                                                             0.118                                                

x                                                                                    0,            0.5, 1                                                          0,            0.5, 1                                        

 )                                         4.123179,  2.60924, 1.4960608                               

                                                         11.1,    12.115, 13.13                                         10.83572, 11.82655, 12.817384                     

 eV                                                     1.796,      1.658, 1.52                                           1.796708, 1.658448, 1.5202571                   

 in                  16.859958, 5.5552466, 1.3330088                            18.123934, 5.9717184, 1.4329432           

                   16.859954, 5.5552451, 1.3330084                           18.123929, 5.9717168, 1.4329428           

 in                                                                     2.60,           2.64, 2.87                                                2.72,            2.71, 2.58                  

Donor                                                                                   Sb                                                                   Sn                  

 (nm)                                                                       0.136                                                               0.140 

x                                                                                         0,           0.5, 1                                                             0,           0.5, 1   

                                                                8.868820, 9.679798, 10.490775                               8.3478503, 9.111190, 9.8745293  

 eV                                                    1.8041281, 1.663144, 1.5229492          1.8070212, 1.664974, 1.5239990 

 in                                   33.054297, 10.891176, 2.6133913                            39.637063, 13.060155, 3.1338483 

                                   33.054288, 10.891173, 2.6133906                           39.637053, 13.060151, 3.1338475 

 in                                                             2.70,           2.84, 2.72                                                 2.59,          2.84, 2.65 
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___________________________________________________________________________  

Acceptor                                                                           Ga                                                                    Mg                             

 (nm)                                                                     =0.126                                                             0.140                           

x                                                                                     0,         0.5, 1                                                                  0,          0.5, 1                           

 )                                      1.055177, 0.700649, 0.4388991                                                                                                                                   

                                                                      11.1,   12.115, 13.13                                                 10.5002, 11.4604, 12.42055                

 eV                                                          1.796,    1.658, 1.52                                               1.8024849, 1.66231, 1.5226974             

 in                                 9.5926026, 3.6514435, 1.142563                                 11.332043, 4.3135651, 1.3497457            

                                 9.5926000, 3.6514425, 1.1425627                               11.332040, 4.3135640, 1.3497453           

         

 in                                     2.71,         2.72, 2.59                                                    2.45,          2.61, 2.82                      

Acceptor                                                                       In                                                                              Cd                                                                          

 (nm)                                                                   0.144                                                                         0.148  

x                                                                                    0,         0.5, 1                                                                    0,           0.5, 1   

                                                     10.143959, 11.0715, 11.999115                                         9.7367823, 10.62713, 11.51747 

 eV                                     1.8068933, 1.665233, 1.5245311                                        1.8125359, 1.66898, 1.5268781 

 in                               12.568487, 4.7842197, 1.4970169                                     14.212125,  5.4098739, 1.6927886 

                               12.568483, 4.7842184, 1.4970165                          14.212121, 5.4098724, 1.6927881 

 in                                                2.92,           2.70, 2.81                                                     2.84,            2.71, 2.74 

___________________________________________________________________________ 

 

Table 3: In the -alloy the numerical results of , , , , and  are computed, using 

Equations (2), (5, 6), (8), and (26), respectively, noting that the relative deviations in absolute values are defined by: 

, giving rise to their maximal value equal to , meaning that such the critical d(a)-density 

is just the density of electrons (holes) localized in the EBT, , 

determined in Eq. (26), respectively. Here, on notes that in the limiting conditions: x=0, 1, these results are reduced to those given in 

GaP-and-GaTe crystals, respectively, as observed in Table 1.  

___________________________________________________________________________  

Donor                                                                       P                                                                     As                                                                                    

 (nm)                                                                 =0.110                                                             0.118                                                

x                                                                                    0,            0.5, 1                                                          0,            0.5, 1                                        

 )                                          4.123179,  4.83874, 5.398472                            

                                                         11.1,        11.7, 12.3                                           10.83572, 11.4214, 12.00714                     

 eV                                                     1.796,      1.796, 1.796                                          1.796708, 1.79683, 1.79693                   

 in                  1.6859958, 3.1911476, 5.1489527                            1.8123934, 3.4303851, 5.5349650           

                   1.6859954, 3.1911468, 5.1489513                          1.8123929, 3.4303842, 5.5349635           

 in                                                                     2.60,           2.62, 2.74                                                2.72,            2.72, 2.67                  

Donor                                                                                  Sb                                                                   Sn                  

 (nm)                                                                       0.136                                                               0.140 

x                                                                                         0,           0.5, 1                                                             0,           0.5, 1   

                                                                8.868820, 9.348216, 9.8276112                               8.3478503, 8.799085, 9.2503207  

 eV                                                    1.8041281, 1.8055388, 1.806642          1.8070212, 1.808934, 1.8104301 

 in                                   3.3054297, 6.2563110, 10.094628                           3.9637063, 7.5022558, 12.104974 

                                   3.3054288, 6.2563093, 10.094625                           3.9637053, 7.5022538, 12.104971 

 in                                                           2.70,           2.79, 2.50                                                 2.59,          2.68, 2.65 
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___________________________________________________________________________  

Acceptor                                                                           Ga                                                                    Mg                             

 (nm)                                                                     =0.126                                                             0.140                           

x                                                                                     0,         0.5, 1                                                                  0,          0.5, 1                           

 )                                      1.055177, 0.854756, 0.687465                                                                                                                                   

                                                                      11.1,   11.7, 12.3                                                        10.5002, 11.06782, 11.63596                

 eV                                                          1.796,    1.796, 1.796                                               1.8024849, 1.8012532, 1.800225             

 in                                 9.5926026, 5.9713885, 3.6096078                                 11.332043, 7.0541893, 4.2641433            

                                 9.5926000, 5.9713869, 3.6096068                                 11.332040, 7.0541874, 4.2641421           

         

 in                                     2.71,         2.64, 2.72                                                    2.45,          2.65, 2.75                      

Acceptor                                                                       In                                                                              Cd                                                                          

 (nm)                                                                   0.144                                                                         0.148  

x                                                                                    0,         0.5, 1                                                                    0,           0.5, 1   

                                                     10.143959, 10.69228, 11.240603                                        9.7367823, 10.26309, 10.78941 

 eV                                     1.8068933, 1.804824, 1.8030972                                       1.8125359, 1.809395, 1.806773 

 in                               12.568487, 7.8238743, 4.7294055                                    14.212125,  8.8470379, 5.3478913 

                                12.568483, 7.8238722, 4.7294042                                   14.212121, 8.8470356, 5.3478899 

 in                                                2.92,           2.73, 2.81                                                     2.84,            2.60, 2.67 

___________________________________________________________________________ 

 

Table 4: In the -alloy the numerical results of , , , , and  are computed, using 

Equations (2), (5, 6), (8), and (26), respectively, noting that the relative deviations in absolute values are defined by: 

, giving rise to their maximal value equal to , meaning that such the critical d(a)-density 

is just the density of electrons (holes) localized in the EBT, , 

determined in Eq. (26), respectively. Here, on notes that in the limiting conditions: x=0, 1, these results are reduced to those given in 

GaP-and-GaSb crystals, respectively, as observed in Table 1.  

___________________________________________________________________________  

Donor                                                                       P                                                                     As                                                                                    

 (nm)                                                                 =0.110                                                             0.118                                                

x                                                                                    0,            0.5, 1                                                          0,            0.5, 1                                        

 )                                         4.123179,  1.92749, 0.7460823                              

                                                         11.1,    13.395, 15.69                                        10.83572, 13.07607, 15.316432                     

 eV                                                     1.796,      1.303, 0.81                                          1.796708, 1.303331, 0.8101282                   

 in                  16.859958, 3.0268927, 0.28211106                          18.123934, 3.2538161, 0.30326067           

                  16.859954, 3.0268919, 0.28211099                           8.123929, 3.2538152, 0.30326059           

 in                                                                     2.60,           2.60, 2.62                                               2.72,            2.63, 2.65                  

Donor                                                                                   Sb                                                                   Sn                  

 (nm)                                                                       0.136                                                               0.140 

x                                                                                         0,           0.5, 1                                                             0,           0.5, 1   

                                                                8.868820, 10.70251, 12.536197                              8.3478503, 10.073825, 11.799780  

 eV                                                    1.8041281, 1.306800, 0.8114708          1.8070212, 1.3081522, 0.8119943 

 in                                   33.054297, 5.9342859, 0.55308458                            39.637063, 7.1160994, 0.66323142 

                                   33.054288, 5.9342843, 0.55308443                            39.637053, 7.1160975, 0.66323124 

 in                                                             2.70,           2.68, 2.77                                                 2.59,          2.69, 2.77 
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___________________________________________________________________________  

Acceptor                                                                           Ga                                                                    Mg                             

 (nm)                                                                     =0.126                                                             0.140                           

x                                                                                     0,         0.5, 1                                                                  0,          0.5, 1                           

 )                                      1.055177, 0.579663, 0.316866                                                                                                                                   

                                                                      11.1,   13.395, 15.69                                                 10.5002, 12.6712, 14.8422252                

 eV                                                          1.796,    1.303, 0.81                                              1.8024849, 1.306562, 0.8119474             

 in                                 9.5926026, 2.7947772, 0.73365234                             11.332043, 3.3015583, 0.86668661            

                                 9.5926000, 2.7947765, 0.73365214                             11.332040, 3.3015574, 0.86668638          

         

 in                      2.71,         2.65, 2.68     2.45,          2.63, 2.67                      

Acceptor                                                                       In                                                                              Cd                                                                          

 (nm)                                                                   0.144                                                                         0.148  

x                                                                                    0,         0.5, 1                                                                    0,           0.5, 1   

                                                     10.143959, 12.24129, 14.338622                                        9.7367823, 11.74993, 13.763073 

 eV                                     1.8068933, 1.308984, 0.8132712                                        1.8125359, 1.312084, 0.8149657 

 in                               12.568487, 3.6617925, 0.96125108                                     14.212125,  4.1406617, 1.0869583 

                               12.568483, 3.6617915, 0.96125083                             14.212121, 4.1406606, 1.0869580 

 in                                                2.92,           2.77, 2.62                                                     2.84,            2.62, 2.87 


